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A Virtual Element Method for transversely isotropic elasticity
D. van Huyssteen1 B. D. Reddy2
Abstract This work studies the approximation of plane problems concerning transversely
isotropic elasticity, using a low-order Virtual Element Method (VEM), with a focus on near-
incompressibility and near-inextensibility. Additionally, both homogeneous problems, in which
the plane of isotropy is fixed; and non-homogeneous problems, in which the fibre direction defin-
ing the isotropy plane varies with position, are explored. In the latter case various options are
considered for approximating the non-homogeneous fibre directions at element level. Through
a range of numerical examples the VEM approximations are shown to be robust and locking-
free for several element geometries and for fibre directions that correspond to mild and strong
non-homogeneity.
Keywords Virtual Element Method · Transversely isotropic · Linear elasticity
1 Introduction
The popular finite element method has the status of a classical approach for obtaining approxi-
mate solutions to problems formulated as systems of partial differential equations or inequalities,
or alternatively, in their variational form. Particularly in the domains of solid and fluid mechan-
ics, the method has been used with great success for problems with high degrees of complexity
such as non-linear problems and problems with intricate geometries (see for example the treat-
ments in [1, 2]).
A number of variants of standard conforming finite element methods have been developed over
the last four decades, with a range of motivations in mind. Mixed methods, for example, have
allowed all variables of interest to be approximated explicitly; and in addition have provided
avenues through which stable and convergent finite element approximations can be developed in
situations where the selection of the values of certain parameters might lead to non-convergence.
Key examples are those of near-incompressibility, or problems in structural mechanics in which
the geometry is characterized by a small length scale. These two features lead, in the context
of low-order standard finite element methods, to volumetric and shear locking respectively.
Phenomena that may be circumvented by the use of mixed methods [3, 4].
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Yet another variant of the standard conforming finite element method is the discontinuous
Galerkin (DG) method, in which interelement continuity is abandoned in favour of greater
flexibility with regard to meshing (see for example [5]). In addition, DG methods, when designed
appropriately, are stable and uniformly convergent in situations of near-incompressibility for
low-order approximations [6, 7, 8].
A more recent development in the context of finite element methods is the Virtual Element
Method (VEM). In contrast to the geometric restrictions on finite elements, which are most
generally triangular or quadrilateral in 2D, and tetrahedral or hexahedral in 3D, the VEM
permits elements to be arbitrary polygons in 2D or polyhedra 3D. Furthermore, there is no need
for elements to be convex, and degeneracies such as element sides having small interior angles
or arbitrarily small edges pose no problems. Some key works in a rapidly growing literature
include [9, 10, 11]. Applications of the VEM to nonlinear problems include works on nonlinear
elasticity [12, 13], elastoplasticity [14, 15, 16], and contact [17].
Applications of the VEM to elasticity have been largely confined to the isotropic problem, al-
though there have been treatments of inextensible materials [18]. Problems involving anisotropic
materials pose additional challenges in the context of VEM approaches, particularly for non-
homogeneous materials in which the anisotropy varies with position. In [19] limiting extensibility
is investigated in an otherwise isotropic material using penalty, Lagrange multiplier, and per-
turbed Lagrangian approaches. The work was considerably extended by Rasalofson et. al.
[20]. This work presents a detailed treatment of the boundary value problem for transversely
isotropic linear elastic materials. Conditions for well-posedness are established, and finite ele-
ment approximations are studied using both conforming and reduced integration approaches.
An error analysis gives an indication of conditions under which low-order approximations are
uniformly convergent in the incompressible and inextensible limits, and a set of numerical exper-
iments provides further insight into the conditions under which locking-free behaviour occurs.
Specifically, with the degree of anisotropy measured through the ratio of Young’s modulus in the
fibre direction relative to that in the plane of isotropy, it is shown in this work that locking-free
behaviour occurs in conditions of moderate anisotropy for low-order conforming quadrilaterals,
in contrast to the situation for isotropic materials. Furthermore, for high degrees of anisotropy
leading to near-inextensibility, locking occurs, but is circumvented by the use of selective under-
integration.
The purpose of this work is to study low-order VEM approximations for plane problems con-
cerning transversely isotropic elasticity. Of particular interest is the behaviour of VEM approx-
imations for the limiting situations of near-incompressibility and near-inextensibility. Whereas
in the case of conventional finite element approximations, as discussed above, some form of
modification such as selective under-integration is necessary in order to circumvent locking, in
the case of VEM approximations locking-free behaviour is observed in the incompressible and
inextensible limits.
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A further novel aspect of this work is the treatment of non-homogeneous transverse isotropy;
that is, situations in which fibre directions vary with position. Here it becomes necessary to
approximate the non-homogeneous terms appropriately in order to preserve the simplicity of
the VEM approach, in which integrals are evaluated only on element boundaries. The approx-
imations adopted are shown to be robust, with the locking-free behaviour also evident for the
non-homogeneous problem.
The structure of the rest of this work is as follows. Section 2 sets out the details of the constitutive
relations for transversely isotropic linear elastic materials, the set of governing equations, and
the associated weak formulation. The details of the Virtual Element Method are presented in
Section 3, and the set of numerical results are presented and discussed in Section 4. This work
concludes with a summary of results and a discussion of open problems.
2 The governing equations for transverse isotropy
Consider a linear elastic body which occupies a plane, polygonal bounded domain Ω ⊂ R2 with
boundary ∂Ω. The boundary comprises a non-trivial Dirichlet part ΓD and Neumann part ΓN
such that ΓD ∩ ΓN = ∅ and ΓD ∪ ΓN = ∂Ω.
2.1 The elastic relation
Transversely isotropic materials exhibit isotropic behaviour in a specified plane, this plane being
defined by a normal vector, and referred to also as the fibre direction.
The Cauchy stress tensor σ is related to the infinitesimal strain tensor ε through the elastic
relation
σ = Cε. (2.1)
Here C is a fourth-order tensor of elastic moduli. For a transversely isotropic material with the
direction of transverse isotropy defined by the unit vector a, (2.1) takes the form [20]
σ = λ(tr ε)I + 2µTε+ β(M : ε)M + α((M : ε)I + (tr ε)M) + 2(µL − µT )(εM +Mε).
(2.2)
Here M = a ⊗ a, λ and µT are the conventional Lame´ parameters, µL is the shear modulus
in the fibre direction, and I denotes the second-order identity tensor. The material constants
α and β do not have a direct interpretation, though it will be seen that β → ∞ in the limit of
inextensible behaviour in the fibre direction.
The special case of an isotropic material is recovered by setting α = β = 0 and µL = µT .
The five material constants in (2.2) may be related to the “engineering” constants, viz. Young’s
moduli EL and ET in the fibre direction and plane of isotropy, respectively, and the corresponding
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Poisson’s ratios νL and νT , by inverting (2.2), specializing it to the case in which a = e3, and
comparing with the compliance relation written in the form (see for example [21])

ε11
ε22
ε33
223
213
212

=

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EL
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− νT
ET
1
ET
− νL
EL
0 0 0
− νL
EL
− νL
EL
1
EL
0 0 0
0 0 0
1
µL
0 0
0 0 0 0
1
µL
0
0 0 0 0 0
1
µT
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
σ11
σ22
σ33
σ23
σ13
σ12

. (2.3)
In the remainder of this work we make the assumption, with little loss in generality, that
νT = νL := ν and µT = µL := µ. Further, we set
p =
EL
ET
, (2.4)
so that the parameter p measures the degree of transverse isotropy, with inextensible behaviour
corresponding to the limit p→∞.
The parameters in (2.2) may then be expressed in terms of the engineering parameters as [20]
λ
ET
=
ν(ν + p)
D
,
α
ET
=
ν2(p− 1)
D
, (2.5)
β
ET
=
p2(1− ν2)− p(1 + 2ν2) + 3ν2
D
,
in which the denominator D is given by
D = (1 + ν)(p(1− ν)− 2ν2) . (2.6)
We also have the relation
µT =
ET
2(1 + ν)
. (2.7)
Furthermore, noting that D → 0 in the incompressible limit ν → 12 when p → 1, which corre-
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sponds to the isotropic limit, it is evident from (2.5) and (2.6) that{
λ is bounded as ν → 12 , if p > 1, and as p→∞ (inextensibility)
λ→∞ as ν → 12 , for p = 1 (isotropy)
(2.8)
{
α is bounded as ν → 12 , if p > 1
α→ 0 as p→ 1 (isotropy) (2.9)
{
β is bounded as ν → 12 , if p > 1
β →∞ as p→∞ (inextensibility) . (2.10)
The elasticity tensor is assumed to be pointwise stable; that is, to satisfy the condition
ε : Cε > 0 for all ε .
General conditions on the material constants for pointwise stability are somewhat complex [20],
but the simple set of conditions
λ+
2
3
µ > 0, µ > 0, p ≥ 1 (2.11)
meet these requirements. We henceforth assume (2.11) to hold.
2.2 Governing equations
The body is subjected to a body force f , prescribed loading h on ΓN , and a prescribed displace-
ment g on ΓD.
The equation of equilibrium is
− divσ = f on Ω. (2.12)
Small displacements are assumed, and the strain displacement relation is
ε(u) = 12(∇u+ [∇u]T ) or εij(u) = 12(ui,j + uj,i). (2.13)
Here u denotes the displacement, and ∇u the displacement gradient with components ui,j . Here
and henceforth we choose a fixed Cartesian coordinate system xi with orthonormal basis ei.
The boundary conditions are
u = g on ΓD, (2.14a)
σ · n = h on ΓN . (2.14b)
Equations (2.12) – (2.14), together with the elastic relation (2.2), constitute the boundary-value
problem for a transversely isotropic body.
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2.3 Weak formulation
We denote by L2(Ω) the space of square-integrable functions on Ω, and by H1(Ω) the Sobolev
space of functions which, together with their generalized first derivatives, are square-integrable,
and set V = [H1D(Ω)]
d = {v | vi ∈ H1(Ω), v = 0 on ΓD}.
We also define the function ug ∈ [H1(Ω)]d such that
ug|ΓD = g .
The bilinear form a(·, ·) and linear functional `(·) are defined by
a : [H1(Ω)]d × [H1(Ω)]d → R, a(u,v) =
∫
Ω
σ(u) : ε(v) dx, (2.15a)
l : [H1(Ω)]d → R, `(v) =
∫
Ω
f · vdx+
∫
ΓN
h · v ds− a(ug,v). (2.15b)
The weak form of the problem is then as follows: given f ∈ [L2(Ω)]d and h ∈ [L2(ΓN )]d, find
U ∈ [H1(Ω)]d such that U = u+ ug,u ∈ V , and
a(u,v) = `(v) ∀v ∈ V. (2.16)
We write the bilinear form as
a(u,v) = aiso(u,v) + ati(u,v), (2.17)
where
aiso(u,v) = λ
∫
Ω
(∇ · u)(∇ · v)dx+ 2µ
∫
Ω
ε(u) : ε(v) dx, (2.18a)
ati(u,v) = α
∫
Ω
[(M : ε(u))(∇ · v) + (∇ · u)(M : ε(v))] dx+ β
∫
Ω
(M : ε(u))(M : ε(v)) dx .
(2.18b)
The bilinear form is clearly symmetric. The well-posedness of the weak problem requires the
bilinear form to be continuous and coercive, and the linear functional continuous. With the
assumptions (2.11), it is shown in [20] that the problem has a unique solution that depends
continuously on the data.
3 The virtual element method
The domain Ω is partitioned into a mesh of elements comprising non-overlapping polygons E
with ∪E = Ω¯. A typical polygonal element is shown in Figure 1. A generic edge in a polygonal
element is denoted by e and a vertex by i, so that e = 1, . . . , N and i = 1, . . . , N , where N is
the number of vertices of an element.
6
Figure 1: An arbitrary virtual element
We construct a conforming approximation in a space V h ⊂ V . The space V h comprises functions
that are continuous on Ω, piecewise linear on the boundary ∂E of each element, and with
divCε(vh) vanishing on E [9, 10]:
V h = {vh ∈ V | vh ∈ [C(Ω)]2, divCε(vh) = 0 on E, vh|e ∈ P1(e)} . (3.1)
Here and henceforth Pk(X) denotes the space of polynomials of degree ≤ k on the set X ⊂
Rd (d = 1, 2). We assign degrees of freedom to the nodes, which are located at the element
vertices, and write, for each element,
vh|E = ϕd (3.2)
in which ϕ denotes a matrix of virtual basis functions, and d is the 2N × 1 vector of degrees of
freedom.
All computations will be carried out on the edges e of elements, and it is convenient to write
also
vh|∂E = Nd and ε(vh) = Bd , (3.3)
in which N and B are respectively matrices of standard Lagrangian linear basis functions and
their derivatives. Thus, the basis functions ϕ are not known, and are not required to be known;
their traces on the boundary are however required, and are simple Lagrangian functions.
We will require the projection Π : Vh|E → P0(E), defined on E by∫
E
Πvh dx =
∫
E
ε(vh) dx . (3.4)
Thus Π is the L2-orthogonal projection onto constants of the strain associated with the displace-
ment vh on an element E. From (3.3), and given that Πvh is constant we have, in component
form,
(Πvh)ij =
1
2
1
|E|
∫
E
((vh)i,j + (vh)j,i) dx
=
1
2
1
|E|
∮
∂E
((vh)inj + (vh)jni) ds
=
1
2
1
|E|
∑
e∈∂E
∫
e
(NiAd
E
Anj +NjAd
E
Ani) ds . (3.5)
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Here dEA denotes the degrees of freedom associated with element E, summation is implied over
all repeated indices, and we have used integration by parts and the representation (3.3)1. The
integrals in (3.5) are readily evaluated as the edge basis functions are known. Thus the projection
Πvh is available as a function of the degrees of freedom.
To construct the virtual element formulation we start by writing
aE(u,v) := a(v,v)|E
=
∫
E
ε(uh) : Cε(vh) dx , (3.6)
so that aE(·, ·) denotes the contribution of element E to the bilinear form a(·, ·) defined in (2.16)
and (3.7a). We have
aE(uh,vh) =
∫
E
Πuh : CΠvh dx+
∫
E
(ε(uh)−Πuh) : C(ε(vh)−Πvh) dx (3.7a)
+
∫
E
Πuh : C(ε(vh)−Πvh) dx+
∫
E
(ε(uh)−Πuh) : CΠvh dx (3.7b)
=
∫
E
Πuh : CΠvh dx+
∫
E
(ε(uh)−Πuh) : C(ε(vh)−Πvh) dx (3.7c)
=
∫
E
Πuh : CΠvh dx︸ ︷︷ ︸
consistency term
+
∫
E
[
ε(uh) : Cε(vh)−Πuh : CΠvh
]
dx︸ ︷︷ ︸
stabilisation term
(3.7d)
The last line is obtained by noting the definition of the projection operator, so that the two
terms in (3.7b) are zero. Furthermore, the definition of the projection is invoked again in going
from (3.7c) to (3.7d). The terms in (3.7d) are referred to respectively as the consistency term
and stabilisation term.
The consistency term. After substitution of (3.5) in the consistency term, evaluation of
the integral leads to the expression∫
E
Πuh : CΠvh dx = (d¯)TKEcond (3.8)
in which KEcon is the consistency stiffness matrix for element E and d
E and d¯
E
are respectively
the vectors of nodal degrees of freedom of uh and vh on element E.
The stabilisation term. Use of the consistency term alone would lead to a rank-deficient
stiffness matrix. The second term on the right hand side of (3.7d) serves the purpose of stabilizing
the formulation. The basic idea behind the VEM is that integrals are evaluated on the boundaries
of elements only; the stabilisation term in its original form would require that integrals be
evaluated on the elements. Nevertheless, it is not necessary to evaluate this term exactly, and it
suffices to replace it with an approximation. There are several methods that can be employed,
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see for example [15, 11]. However, we choose the stabilisation method presented in [22] as it has
proven very robust,
aEstab(uh,vh) = τd
T
[I −D(DTD)−1DT ]d . (3.9)
Here d and d are, again, respectively the vectors of nodal degrees of freedom associated with
vh and uh, and D is the matrix that relates the nodal degrees of freedom d1 of a linear vector
polynomial to its degrees of freedom s relative to a scaled linear monomial basis. That is, for
an element with N nodes,
d1 = Ds . (3.10)
Note that D has dimensions 2N × 6, and has the basis monomials
M = {1, ξ, η} =
{
1,
x− xc
dE
,
y − yc
dE
}
, (3.11)
where dE is the diameter of element E, with xc and yc the x− and y−coordinates of the centroid
of E respectively.
This approximation may be motivated by seeking a stabilisation term of the form
τ(dTd− dT1 d1) (3.12)
in which d1 are the nodal degrees of freedom of a linear polynomial that is closest to uh in some
sense, and τ is a suitable scaler to be chosen. In the event that uh is a linear polynomial, then
this term vanishes of course.
From (3.10) we have
dT1 d1 = (s
TDT )(Ds)
= sT (DTD)(DTD)−1(DTD)s
= dT1D(D
TD)−1DTd1 . (3.13)
Then we obtain (3.9) by replacing d1 with the actual vector degrees of freedom.
We need to choose a suitable value for the scalar τ, such that it is some value representative of
the constitutive tensor. We consider the transversely isotropic material properties λ, α, β, µL
and µT . As seen in Section 2.1 λ, β →∞ as ν → 0.5, to keep the VEM locking free we therefore
reject these options. We choose τ = µT as it is bounded and is representative of both isotropic
and transversely isotropic materials. As we have set µ := µL = µT , we then have
KEstab = µ
[
I −D (DTD)−1DT ] . (3.14)
As we have used scaled coordinates, no area scaling of the stabilisation term is necessary. The
complete stiffness matrix is then given by
KE = KEcon +K
E
stab. (3.15)
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4 Numerical results
In this section we present numerical results for three model problems to illustrate the perfor-
mance of the VEM. We consider homogeneous materials, for which the plane of isotropy is fixed
across the domain, and also non-homogenous materials, for which the plane of isotropy, as de-
fined by the vector a, varies with position. Plane strain conditions are assumed. As in Section
2.1 we set νT = νL = ν and µT = µL = µ. We consider values of p > 1 and of Poisson’s ratio
ν = 0.3 or, to test behaviour in the near-incompressible limit, ν = 0.49995. In all cases the
conditions for pointwise stability (2.11) are met.
We define aˆ := ̂(Ox,a) to be the angle between the x-axis and the fibre direction a. The results
in the examples that follow are obtained for the following element types:
Q1 The standard bilinear quadrilateral
Q2 The standard biquadratic quadrilateral
Quad The VEM formulation with four-noded elements
Hex The VEM formulation with six-noded elements
Voronoi The VEM formulation with Voronoi elements
Figure 2 depicts patches of the meshes comprising six-noded and Voronoi elements for a mesh
density d of 7, where d =
√
nelements. Meshes are constructed on a unit domain and then mapped
to the problem domain, Figure 2 depicts meshes after this mapping.
(a) Hex mesh (b) Voronoi mesh
Figure 2: Cook’s membrane problem, showing the hexagonal and Voronoi meshes for mesh density 7
4.1 Constant fibre direction
We present results here for the case in which fibre directions are constant on the domain. The
emphasis is on near-incompressibility and near-inextensibility, either separately or combined. In
all examples Poisson’s ratio is set at ν = 0.49995, and a range of values of p > 1 are considered.
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Cook’s membrane problem. This problem consists of a trapezoidal panel fully fixed along
its left edge with a uniformly distributed load along its right edge, as shown in Figure 3. The
applied load is P = 100N and ET = 250Pa. This test problem has no analytical solution. The
vertical displacement at point C is recorded.
Figure 3: Cook’s membrane problem, showing fibres inclined at aˆ = pi4
Figure 4 shows a convergence plot of tip displacement vs mesh density for fibre angle aˆ = pi4 ,
as illustrated in Figure 3, and with p = 5, for the VEM formulation with the three candidate
meshes, and for standard finite element formulations. The various VEM formulations are seen
to exhibit degrees of accuracy comparable to that of the Q2 approximation.
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Figure 4: The Cook problem: convergence test for fibre angle aˆ = pi4 and p = 5
The results that follow have been generated using meshes with a density of d = 50.
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Figure 5 shows semilog plots of tip displacement vs p for 1 ≤ p ≤ 105 and for fibre angles aˆ = pi4
and aˆ = pi9 . The well-known locking behaviour of Q1 is clear in the isotropic limit (p → 1).
On the other hand, the virtual element formulation using quadrilaterals is not equivalent to the
conventional formulation using Q1, and is locking-free.
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Figure 5: The Cook problem: tip displacement vs p for (a) fibre direction aˆ = pi4 ; (b) fibre direction
aˆ = pi9
Figure 6 shows a plot of tip displacement vs fibre orientation for a nearly inextensible material
(p = 105). Again, we note the poor performance and locking behaviour of Q1 over most of the
range, and on the other hand the robust behaviour of the VEM formulation. The Q2 element
displays sub-optimal accuracy for fibre angles greater than aˆ = pi2 and close to zero. This is
somewhat surprising, in that the behaviour of this element in the near-inextensible limit would
be expected to mirror its good performance for near-incompressibility. On the other hand, while
the element has been shown to be uniformly convergent for incompressible materials, there does
not exist a corresponding analysis for near-inextensibility, to the best of the authors’ knowledge.
Such an analysis could shed light on the behaviour seen in Figure 6.
12
0 50 100 150
0
2
4
6
8
Q1
aˆ (Degrees)
D
is
p
la
ce
m
en
t
Quad
Hex
Voronoi
Q2
Q1
Figure 6: The Cook problem: tip displacement vs fibre orientation, for p = 105
The beam problem. This problem consists of a beam subject to a linearly varying load at its
right edge, and pinned at its left extrema, as depicted in Figure 7. The load has maximum and
minimum values of Fmax = ±30N. The beam has width w = 10m, height h = 2m and Young’s
Modulus of ET = 1500Pa. The vertical displacement at point C is recorded.
The displacement of point C is given by [20]
u(x, y) =
2Fmax
h
[
S11xy +
S31
2
(
y2 − h
2
4
)]
, (4.1)
v(x, y) =
Fmax
h
[
S21
(
y2 − h
2
4
)
− S11x2
]
; (4.2)
the coefficients Sij are lengthy functions of the material constants, and are given in the Appendix
to [20].
Figure 7: The beam problem, showing fibres inclined at aˆ = pi4
Figure 8 shows a convergence plot of tip displacement vs mesh density for a fibre orientation of
aˆ = pi4 , and with p = 5. It is seen that for the various VEM meshes the convergence behaviour
is similar to that of the Q2 mesh for sufficiently fine meshes.
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Figure 8: The beam problem: convergence test for fibre angle aˆ = pi4 and p = 5
The results that follow have been generated using meshes with a density of d = 50.
Figure 9 shows semilog plots of tip displacement vs p for 1 ≤ p ≤ 105 for fibre angles of aˆ = pi4
and aˆ = pi9 . Again, as with the Cook problem, the VEM solutions are locking-free and display
high accuracy. As pointed out in [20], for mild anisotropy, that is, low values of p, the tendency
to lock for the Q1 mesh is mitigated as a result of the Lame´ parameter being bounded for p > 1
in conditions of near-incompressibility, with ν very close to 0.5. This behaviour is evident in
Figure 9, where the Q1 mesh is seen to be locking-free for p > 1 and for p up to p ≈ 10 for fibre
angle aˆ = pi4 , and p ≈ 100 for fibre angle aˆ = pi9 .
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Figure 9: Beam problem: tip displacement vs p for fibre angle (a) aˆ = pi4 ; (b) aˆ =
pi
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Figure 10 shows a plot of tip displacement vs fibre orientation for the case of near-inextensibility
(p = 105). Again, we note poor performance of Q1 and robust and accurate behaviour of
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the VEM formulations. In contrast to the result for the Cook problem, here the Q2 element
demonstrates equally accurate behaviour.
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Figure 10: The beam problem: tip displacement vs fibre orientation, for p = 105
4.2 Non-homogeneous materials: variable fibre orientation
For a given distribution of fibre directions a(x) it follows that some approximation has to be
made for a(x) within each element so as to preserve the general approach to carrying out VEM
computations. A simple option would be to approximate a by its centroidal value. However,
such an approximation can be somewhat inaccurate for situations in which the fibre orientation
varies significantly across a length scale comparable to mesh size. A more reliable approach is
to use the average fibre direction at the element nodes; this approach is observed to yield more
stable and faster convergence. When dealing with rapidly varying fibre directions a more stable
approach was achieved by using a weighted average of the fibre direction at the centroid and
the average direction at the vertices. This approach applies an equal weighting to the centroidal
direction and the average of its nodal values for very coarse meshes; for finer meshes, that is,
as the mesh density increases, the weighting of the centroidal value decreases rapidly. Thus for
very fine meshes and rapidly varying fibre directions, it is the nodal average that dominates.
With the mesh density denoted by d, the centroidal weight wc is defined by
wc =
pi
2 + arctan(dcr − d)
2pi
. (4.3)
This function is shown in Figure 11. Here dcr is a user-defined critical mesh density beyond
which the value of the weight drops rapidly.
The average fibre direction a is then given by
aave|E = wca(xc) + (1− wc) 1
N
N∑
i=1
a(xi) , (4.4)
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Figure 11: The weight wc as a function of mesh density d
where, as before, N denotes the number of nodes of element E, and xc and xi are respectively
the coordinates of the element centroid and node i. We then approximate the elasticity tensor
on an element E by
C|E ' C(aave) . (4.5)
The critical density used is problem specific as it depends on the degree of variation in fibre
orientation. However, for simplicity a critical density of dcrit = 10 was used as it worked well
across a range of problems.
Except where otherwise stated, Poisson’s ratio is set at ν = 0.3 in the examples that follow.
We present results for two families of fibre distributions, corresponding to curves y = c + f(x)
where f(x) is chosen to be, respectively, (x− 24)2(x− 12)(x− 36) and 2 sinx. The polynomial
distribution corresponds to mild variation with position, while the sinusoidal distribution is a
more severe test of performance under conditions of rapidly varying direction. Figure 12 shows
schematically the curves corresponding to these two cases for the Cook problem, one of the
examples considered in what follows.
Figure 12: Cook’s membrane problem with curves showing variable fibre orientation for (a) quartic,
and (b) sinusoidal distributions
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Cook’s membrane problem. Figures 13 (a) and (b) show the tip displacement as a function
of mesh density for fibres corresponding to the quartic distribution, with p = 5, and in which
the value of a is based respectively on its value at the element centroids and the average of its
values at the nodes. We note smooth and stable convergence of the VEM, with the quadrilateral
VEM mesh performing somewhat more poorly for the case in which the average nodal value of
a is used.
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Figure 13: Tip displacement vs mesh density for Cook’s membrane problem for p = 5, with fibre
directions defined by quartic curves, and using (a) the centroidal value of a; (b) the average of nodal
values of a
Figure 14 shows tip displacement as a function of mesh density for fibres corresponding to the
sinusoidal distribution. In Figure 14 (a) we calculate aave based on its value at the element
centroid. Again we see good performance by the VEM elements, with an accuracy comparable
to that of Q2. In contrast to the results for polynomial variation in Figures 13 (a) and (b), the
coarse-mesh behaviour is somewhat erratic, with a smooth dependence on mesh density only
after d ≈ 25. Figures 14 (c) and (d) present results for the cases in which, respectively, firstly an
equal weighting of centroidal and nodal values of a is used, and secondly, using (4.4), a varying
weight is used. Similar behaviour is seen when compared with the results in Figure 13 (b),
though the dependence on mesh density becomes smoother for coarser meshes at d ≈ 15.
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Figure 14: Tip displacement vs mesh density for Cook’s membrane problem and with fibre directions
defined by curves 2 sinx, and using (a) the centroidal value of a; (b) the average of nodal values of
a; (c) equal weighting of nodal and centroidal values; and (d) a varying weighted average as in (4.3)
and (4.4)
Next, we consider behaviour in the near-incompressible limit, with ν = 0.49995. Figures 15 (a)
and (b) show tip displacement as a function of p, for the quartic and sinusoidal fibre distributions
respectively. For the polynomial fibre distribution the centroidal values of fibre direction are
used, while the weighted method is used for the sinusoidal distribution. There is little variation
in the performance of the various VEM meshes, though for the Voronoi mesh and for near-
inextensibility small scatter is observed. The sub-optimal behaviour of the Q2 mesh seen in the
Cook example in Figure 6 is not evident here. The Q1 mesh again displays locking behaviour
except in a narrow range of mild anisotropy.
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Figure 15: Tip displacement vs p for the Cook problem, for near-incompressibility and using (a) the
quartic, and (b) the sinusoidal fibre distributions
Beam in bending. We consider next the problem of a beam in bending, shown in Figure
16, with boundary conditions slightly different to those shown in Figure 7; the left edge is now
constrained horizontally and pinned at the bottom left corner. The fibre distributions considered
are once again quartic and sinusoidal, as for the Cook problem, and are depicted in Figure 16.
However, the quartic distribution is now defined by y = (x− 5)2(x− 2.5)(x− 7.5) + c, and the
sinusoidal distribution is as defined previously. The vertical displacement at point C is recorded.
A value of Poisson’s ratio of ν = 0.3 is used, except where indicted otherwise.
Figure 16: Quartic and sinusoidal fibre distributions for the beam in bending problem
In Figures 17 (a) and (b) we present convergence plots of vertical displacement vs mesh density,
for mild anisotropy; that is, p = 5, for the quartic distribution of fibres, and with aave calculated
using respectively the centroidal value, and the average nodal value. We note stable convergence
in all cases. For the case in which the average nodal direction is used, it is seen that the standard
Q2 element performs best for coarse meshes.
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Figure 17: Tip displacement vs mesh density for the beam in bending problem, with p = 5, and
fibre directions defined by a quartic polynomial, using (a) the average of nodal values of a; (b) the
centroidal value of a
Figure 18 shows tip displacement as a function of mesh density for a sinusoidal distribution of
fibres. In Figure 18 (a) we calculate aave based on its centroidal value. Again we see good perfor-
mance by the VEM elements, though the Q2 mesh performs best. Rapid numerical convergence
is however observed after a density of d ≈ 25.
20
0 10 20 30 40 50
1
2
3
4
5
Mesh Density
D
is
p
la
ce
m
en
t
Quad Hex
Voronoi Q1
Q2
(a) Fibre Direction At Centroid
0 10 20 30 40 50
1
2
3
4
5
Mesh Density
D
is
p
la
ce
m
en
t
Quad Hex
Voronoi Q1
Q2
(b) Average Fibre Direction At Vertices
0 10 20 30 40 50
1
2
3
4
5
Mesh Density
D
is
p
la
ce
m
en
t
Quad Hex
Voronoi Q1
Q2
(c) Constant Weighted Average - w = 12
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Figure 18: Tip displacement vs mesh density for the beam in bending problem, with fibre directions
defined by curves 2 sinx, and using (a) the centroidal value of a; (b) the average of nodal values of
a; (c) equal weighting of nodal and centroidal values; and (d) a varying weighted average as in (4.3)
and (4.4)
As with the Cook problem, we next consider behaviour in the near-incompressible limit with
ν = 0.49995. Figure 19 shows tip displacement as a function of p, for the quartic and sinusoidal
fibre distributions. For the polynomial fibre distribution the average value of fibre direction at
the vertices is used, while the weighted method is used for the sinusoidal distribution. There
is little variation in the performance of the various VEM meshes, though for the Voronoi mesh
and for near-inextensibility small scatter is again observed. The Q2 mesh performs rather
poorly, displaying some evidence of mild locking. This should be compared with the sub-
optimal behaviour seen in Figure 6 for constant fibre directions. Except in a narrow range of
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mild anisotropy, the Q1 mesh displays locking behaviour.
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Figure 19: Tip displacement vs p for the beam in bending problem, for near-incompressibility and
using (a) the quartic, and (b) the sinusoidal fibre distributions
5 Concluding remarks
In this work we have formulated and implemented a Virtual Element Method for plane trans-
versely isotropic elasticity, making provision for homogeneous as well as non-homogeneous bod-
ies. In the latter case, various options for taking account of the non-constant elasticity tensor
are investigated. The formulations have been studied numerically through two model problems,
and for three different kinds of polygonal meshes. The results have been compared against
those obtained using conventional conforming finite element approximations with bilinear and
biquadratic approximations.
The VEM approximations are found to be locking-free for both near-incompressibility and near-
inextensibility, without the need to make modifications to the formulation. In the case of finite
element approximations, the well-known volumetric locking behaviour of bilinear approximations
is evident, except for a range of parameters corresponding to mild anisotropy. This behaviour
is consistent with what has been shown in [20]; for mild anisotropy the Lame´ parameter related
to the volumetric response is bounded. Locking does however occur in the inextensible limit.
There have been few studies of transverse isotropy in the context of development of new finite
element and related methods. The present study and the work cited above constitute two new
contributions. Further work is in progress on alternative formulations such as, for example, the
use of discontinuous Galerkin methods. The extension to problems involving nonlinear material
behaviour and large deformations is also in progress. It would be of interest to investigate the
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extension of the work presented here to include higher order VEMs as well as problems in three
dimensions.
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